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THE PRECISION OF NUMEROSITY DISCRIMINATION 
IN ARRAYS OF RANDOM DOTS 

A. BURGESS* and H. B. BARLOW 

Physiological Laboratory. Cambridge CBZ 3EG. England 

(Receiced 9 Auyrrst 1982) 

Abstract-The precision of making discriminations between the numbers of dots in a pair of irregular 
arrays was measured. The results fit the assumption that the observer adds intrinsic variance to whatever 
variance is present in the numbers displayed. the errors depending upon the sum of the two. We found no 
evidence for incomplete use of the sample of information presented. other than this observer variance. Irs 
value increases as about ihe 0.75 power of the mean number of dots in a display, except for numbers up 
to about 20 where it changes much more rapidly. Decreased irregularity in the arrangement of the dots 
decreases observer variance. but it is little affected by large variations in average density of dots per unit 
area. and is also little changed by making the dots vary irregularly in brightness. 

INTRODUCTION 

Experimental psychologists have been interested in 

the ability to judge numbers of objects in a field of 
view, first because this number was thought to give a 
measure of the mind’s “span of apprehension”. and 

second because the experiments were particularly 
amenable to quantitative treatment. Jevons (1871) was 
one of the first to attack the problem, and he showed 
that errors began to be made for 5 objects. and were 
over XY’,,, for IO objects. Taves (1941) and Kaufman et 
(11. (1949) drew a sharp distinction between what the 

latter called “subitizing”. when the number was small, 
and the mechanism for judging larger numbers. This 
distinction was based on the absence of errors. greater 

subjective confidence, and shorter reaction times for 

numbers below about 7. Hunter and Sigler (1940) also 
showed that there was a reciprocal relation between 

the intensity of illumination and the duration of ex- 
posure required for correctly judging the number 
when this was below S, whereas for larger numbers 
the raciprocitj broke down and more time was 
required to judge the number correctly, no matter 
how high the intensity: the subjects presumably 

required several fixation positions and probably had 
to count in order to obtain the correct answer. These 
studies are well reviewed by Woodworth and Schlos- 
berg ( 195-L). 

Our own interest in the problem also arose from 
the ease of quantification together with the fact that 
judging numbers must involve processes more 
complex. and presumably accomplished at higher 

levels in the brain. than those involved in psychophy- 
sical tests of the eye’s elementary visual functions. We 
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take a physicist’s viewpoint, regarding the human ob- 
server as an instrument that forms some measure of 

dot number, and the first question we naturally ask 
concerns the precision of these measures. We concen- 
trate on random errors and play little attention to the 
consistent errors for much the same reason that a 
designer of clocks is more interested in the reproduci- 
bility of the daily error than in its actual value: ran- 

dom errors tell one much about the quality of the 
mechanism’s design, whereas consistent errors merely 
betray faulty calibration. This is also the reason we 
use comparative judgements in our experiments, ask- 
ing the subject which of two fields has more dots 
rather than what the actual number is, for in this 
experimental design consistent errors tend to cancel 

out. 
In a task such as judging the number of dots scat- 

tered over a large field it is difficult to understand 
how the brain gathers together the specific items of 
information required to allow reliable judgements to 
be made, while avoiding disturbance from irrelevant 

features. The central problem is that of achieving high 

signal/noise ratios at an enormous range of percep- 
tual tasks, as argued elsewhere (Barlow. 1980). 

Because of this difficulty it is appropriate to express 
performance in such a way that one can see at once 
how well the task of collecting together the relevant 
information has been done, and the measure of stat- 
istical efficiency proposed by Fisher (1925) does this. 
He suggested that degradation of performance, from 
whatever cause, be expressed as if it resulted from 
using a smaller sample of information than was 
actually available. Since the coefficients of variation 
(standard deviation/mean) of estimates are usually in- 
versely proportional to the square root of the sample 
size on which they are based, accuracy will vary as the 
square root of efficiency; we have followed this 
assumption. 

Notice that efficiency is an overall measure of per- 
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fig. I. In the two-alternative forced-choice method the 

subject has to decide whether an excess. A.V. of dots has 
bssn pluced on the left half-field or the right. In (A) the 
background number. .Y. is subject to independent random 

variation of * (iv on both sides. The maximum attainable 
~;duc of J. calculated from the percent correct. \vould be 
3.V 0,. K’c postulate that the observer adds his own intrin- 

sic vari~~ncr. a;,. to the exoerimentalIv controlled variance. 
n<.. SIJ th:tt thcsituation is as shown’in !B); th,” maximum 

range of conditions (Barlow. 1978). Thtlt is 

l/k: = Fit/; = F~A.S,O,~ and F = 0.j (11 

u here Cl, is the experimental discriminability 
achie\cd. ~1; is the idcal performance described above. 

and F is the statistical etficioncy as defined by Fisher 
(1915). Tanner and Birdsall (19%) use the square of 
the ratio of input signal~noise ratios for ideal and real 

obsorvcrs giving the same output performance; in 
somt’ situations. but not all, this is identical \vith our 
definition of p. 

We Lvant to explore the possibility that the loss of 
performance is due to a source of noise intrinsic to 

the observer, rather than to his failure to make use of 
the full sample of information available to him. Since 
UC: arc intcrcsted in the etTects of noise on the estimate 
of dot number, this step is exactly analo~~ous to 

expressing the dark current of a photocell in terms of 
the illuminancr that would cause it. or the intrinsic 
noise of the retina in terms of “dark light” (Barlow, 
1956: 195?). We thus postulate that this intrinsic ob- 
server noise xids variance GA to the estimate of the 
number of dots seen. The new situation is shown in 
Fig. IB. The best value of I& the subject can now 
achicLe is A.V. (c.3 + CA)!. and if the intrinsic observer 
variance ~~3s the only limit to his performance he 
would achieve this, However, for generality \ve want 
to preserve the possibility that performance is 
degraded by other factors as well as by adding noise. 
and we therefore define F,v; this quantity is analogous 
to the overall efficiency f. but calculated after taking 
account of the observer variance. We thus predict that 
the experimentally determined 4; will be 

(1; = F,;A.V/(a,<. + CT;)’ (2) 

If the only other factor causing degradation was 
incomplete use of the sample of information available, 
then F, ivill be the average fraction utilized. d; can be 
mrasured espsrimentally. A.V and G.~ are controlled 

ix::s (_ 

bg the experimenter. but there are still two unknowns 

to determine from the data. namely F, and ciO. Our 

procedure for separating these factors is to var) c,.. 
which was always given a value of I .V in the previous 

study (Barlow. 197SI. Rewriting equation (II as 

one sees an expected linear relation with G,<.. The 
slope of this relation is i.‘F,s. and the negative inter- 

cept with the horizontal axis depends on 6;. as illus- 

trated in Fig. 7. 
The above formulation can be readily adapted for 

other psychophysical methods. If a threshold is 
measured this will be the value of increment A:V, that 
gives a fixed value of d’. which we have chosen to be 

1. Equation (3) then becomes 

We have often used the two-point method in which 
the subject has to decide from which of two popula- 

tions of stimuli already known to him the members of 
a series of unknown stimuli were drawn. For this situ- 
ation equations (3) and (4) are as above. We label the 

value of ANT when the added variance is zero A:V,.(O). 

Thus 
AN,.(O) = o&‘F,~. 

hiETHODS 

The patterns were generated and displayed by a 

PDP I&‘30 computer with GT40 display. The subject 
sat 1.4 m from the screen, at which distance the fuIl 

display subtends 2.2’ and the smallest step of the IO 
bit D/A converters causes a spatial displacement 01 

I * 
-x 0 - 5N 

Fig. 2. The effect of observer variance, ~6. can be ditkren- 

tiarsd from incomplete utilization of the sample by mtxsur- 
ing threshold. A:V,, with different values of experimental 
variance, a$. of the dots in each hemifirid. The lines con- 

verging at uf = -S show the behaviour prechctcd with 
observer variance of X. and full utilization of the sample 
(solid line. Fr = 1) or incomplete utdization (dashed line. 
Fr = 4). With zero observer variance these lines are shifted 
to the right and converge on the origin. Note also that 
(ANT)’ at 0,: = 0 is a good estimate of 0: \xh?n F, = 1. 

Results of Fig. 4 fit burst the line marked at the top with an 
asterisk. 
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Just under S s2c of visual a&. The program for 

g2n2rating the patterns and analysing ths rssponses 

\+ere urlttsn in B.ASIC and used J. pseudo-random 

numbsr generator for positioning the dots. as de- 

scribed previously (van hlzeteren and Barlow. IYSO). 

Th2 two authors were thz main subj2cts; both are 

sxp2risncsd as psychophysical subjects and wore then 

normal corrscting glasses. The viewing time was 

usualI> self-paced and was about 1 sec. This pro- 

cedurr \vas adopted in order to reduce observzr 

fatigue. Some rzsults using 200 msec exposures ar2 

shoun in Fig. 9, and where the conditions are othzr- 

wise similar the self-paced results are only marginally 

mars precise than those with 200 msec. 

with the subJ2ct slmplh d2cldmg L\hlch field has the 

grsat2r numbsr. HoL\eFer. rh2 subj2ct pals much 

more attention to the \ar)mg left tieId. and the unim- 

portance of the right &Id 1s reinforced b) the fact that 

it can actually bc omittsd ui:hout a&cting th2 results 

to an\ oreat extent. . 2 
W’ith either tu&alternatl\e forced-choice or tito- 

point mrthods ;I “threshold” .I.\-, ‘bias arbitrarily 

dsfinsd as the value of inirzment that can bs dis- 

criminated with a (i; = I: m,tnq det2rmmations Lv2re 

made with zero added nois,-. and this 15 3.yr (0). 

Two psychophysical methods wrre used, and on2 of 

the obJ2cts of the experiments was to compare them. 

In the two-altzrnative forced-choice method tbvo pat- 

terns w2re g2nerated from populations with gaussian 

probability distributions of equal standard deviation. 

G,. and means IL’ and IN + A:V. The subject’s task was 

to sa) which side contained the sample from th2 

population with the higher mean. The gnussian distri- 

butions w2rc truncated at &?ri. which necessitated a 

small correction to the calculations. Correct responses 

b\ere signalled by extinguishing the display immcdi- 

atcl!, u hereas for errors this was drlaqed about i XC; 

note th<lt the populations overlapped, so the sidr Lvith 

more dots ~vas not alwnls the “correct” on2 to select. 

The other m&hod used a similar display, but the pat- 

tern on ths right side was al~vnys the same m any given 

run of 100 unknown presentations. The pattern on th2 

left either had th2 excess, AX. or did not have It, and 

the subjrct’s task was to decide from which popula- 

tion it came. Before a run he gained experience of the 

two populations by seeing examples from each on 

demand. and during the run correct and incorrrct 

ansblt’rs w2rc signalled as before. We call this the two- 

point msthod (Barlow, 1962); it is similar to the 

classical Yes-No method, but the criterion uszd for 

distinguishing the two populations is not necessarily 

the same as a threshold. .4t first it might appear that 

the fixed comparison field on the right makes this into 

:I version of th2 two-alternative forced-choice task. 

Tab12 I shows the results for both subJ2cts of a 

comparison of the t\to-alternative forced-choice 

method \vith the two-point method. bassd on S or IO 

runs of 100 trials each. Th2 agreement is ob\iousi\ 

very satisfactory. and the result also agrees with pre- 

vious results on the same test (Burlo\v. 197s). For 

comparing variability. the rc’sults of both subjects 

\\erc taken together since the means agree and the 

total nurnbcr of trials was onI>, IY. Ths :mpirical scat- 

tcr of the results is rather less than that calculated 

from the expected binomial \arlabillt! of the ruperi- 

mentally drtsrmincd probabilities. but this divergence 

is not unsxprctrd bccausc of the crudity of ths ap- 

proximations involved in c&ulating sampling vari- 

ance. 

One subject (H.B.) did ;I icrIes ulth the two-point 

method in which the tiled comparison field was omit- 

ted together and he had to maintain his criterion for 

distinguishing the two populations kvithout it. t/i was 

1.30 + 0.1 I(8). which is barsly lower than thr result 

with the r2ference tield prcsrnt. 

Both subjects found that the two-alt2rnativc forced- 

choice task required fcv.er preiiminarh I2arning trials 

than the two-point method. and invol\sd a judgement 

that szemed msrginallg easzer. The prsdicted sam- 

pling errors are also slightl! less. because it requires 

inspection of tuo fields containing In all doubls the 

R FSL LTS 

Table 1. Comparison of results twng tH’o methods on two ~LlbJ~cti 

Two-nlternative 

forced-choice 

4 

F 

A.B. H.B. SD‘s 

Mean + SE (.Vl ~Cfran & SE (.Y) Emplrlcal Calculated 

1.16 i_ 0.0-t 110) I.50 * 0.09 (8) 0 I‘) ~ 2 ,ilr’ = 0.22 

0.54 & 0.0.; (IOi 0.55 + 0.07 0. 14 -1 
_ (Y) ~ Ai, ,:lL(d;,- = 0.19 

Two-point 4 I.43 t 0.09 (10) I.49 * 0.04 (8, 0.23 1 111v = 0.28 
\ 

F 0.53 c 0.06 (10) 0.56 + 0.03 (3, 0.15 ~ Sti, !,X(J,’ = 0.2-l 

The tv,o-alternative forced-choice method had a mean of 100 dots _C IO (SD) in one hemitirld and 120 = IO the other. 

The two-point method had either 100 k IO or 120 k IO in the left hemitield and I IO in the right: the arrangement of 
the dots in the right hemifield was unchanged throughout the ItXl trials of sach run. but varied from run to run. The 
eight or ten runs for each condition were done within n few dls of each other. In compclrin, 0 SE’s. 110:s that .A.B. !cas 
more accustomed to the two-alternative method. H.B. to the two-point. Expected st,mdard deviations xssre calculated 
from the approximate expressions in the final column: u is the total number of obxvations. II is rh? weighting 
coefficient (Finney. 1947) and (1;. I/, ars the ideal and cspcrlmental discriminabilitie~ 



Estlnlatlng numbers oi dots Sli 

,- 

I - 

5- 

d; = 0.083 x 

1 Ob%xver A-0. 

AN 

Fig. 3. Experimental discriminability. c/k. plotted as :L func- 

tion of the added dots. AS. in a tivo altcrnatixe forced 

choice task with 100 dots in each hemifield and xro added 

variance. CT:.. Bars indicate + I SE. based on 200 trials per 
point. The hemifields were 2.2’ x I.1 Solid lint‘ is the 

least squares tit constrained to pass through the origin. and 
is clearly adequate. 

number of dots. However. it takes longer to produce 

the patterns and to look at them, because each hcmi- 
field has to be separately inspected, and for some tests 
the fact that two uncontrolled fixation positions arc 

required would be disadvantageous. 

As described under theory and illustrated in Fig. 2. 
changing the variance of the number of dots enables 
one to distinguish between two GILISCS of sRicicncy 

loss. If AN: is plotted against added variance. failure 
to LISA the full sample would increase the slope of the 
line. whereas a constant added variance would shift 
the line upwards by causing an equal elevation at all 
imposed variances. 

We define threshold, A:V,. as the number of dots 

that must be added to a background containing .V 
dots in order to achieve an experimental c/k of I. This 
corresponds to 76:;, correct in the forced choice 
method, or 697; correct Yes’s and No’s in the tlvo- 
point method. Apart from the difficulty of adjusting 
A:V to obtain these rates. it is also more accurate 

(Barlow. 1962) and subjectively more satisfactory to 
use higher values of AX where the error rates are 
lokvcr. but in order to interpolate from the measured 
(i” values to obtain A!V, it is then necessary to know 
if the relation between A2; and (I; is linear. Figure 3 
shows that this is so for the forced-choice method 
under our conditions, and Fig. 3 of Barlo\\ (197s) 

shows it also holds for the two-point method under 
similar conditions. A.V, can thus be estimated b) 
measuring d’ in the convenient range where it has a 
value I.5 to 2.5. 

A.\-, ULS detuminsd b> the above method for dif- 

ferent \;~Iuss of addtd variance. and Fig. 4 shoivs 

these results. Subject A.B. used the forced-choice 

A 

25 dots 

SuDJect A.B 
/ 

(AN, 

C 

12000 400 dots 

Sub)eCt H.B. 

Fig. 4. The effect of added variance on the threshold 
defned as the number of added dots. A..V,. required to 
achieve a d; = I. The results lit best the assumption that 
a\oidablc errors result from observer variance rather than 
incomplete USC of the sample of information provided by 

each pattern (see theory and Fig. 2). 
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method with bxkground tlutnhcr~ 01‘ dei, uf 3 axi 

IO0 per hemifield. H.B. tfx:d ?h~ two-point method 

and 400 dots pzr hsmiticld. The slopes of the best 

fitting straight lines through the delta do not dltfcr 

significantly from unit!. Thu> the result I:t!nurs the 

hypothesis that the ohwrvcrs‘ pcrf~~rr~~~lr~c~ is 

degraded by the addition of \xiLmcc. and that this 

variance does not change \\ hen the ~spcrimcntall) 

imposed variance is changed. On the xltc’rnati\.e h>- 

pothesis that a constant proportion of the sample is 

discarded or ineffectiveI\ utilized the lines \sould have 

slopes greater than unit! (see Fig. 2): ‘~11 the slopes are 

actually less than unity. though not signkis:tntl\. 

Since a constant additi\c obscrxcr \ari,lnc~~ swmcd 

to account for the whole oi the dcparturc from tdcal 

pc‘rfurm:tncs in this cxperimznt BC decided to find 

box it varied with the number of dots in the hack- 

CTround field. The results arc sho\in in FIN. 5. The -_ 

experiments v,src done \\ith no add4 ~,irl:mcc. and 

A.V,- \vas estimated in the usuxl ++t:t!. ;\lthot!gh it is Go 

that interests us. we have pr&crrtxi to plctt the ctpcri- 

mentally determined values; consltlcration of ex.- 

pressions (3) and (4) sho\\s that ci,) - 1.1 1’ (0) \\hcn 

F, 2 I, which was shoun to hc war-I> trw in Fig. 4. 

The tivo subjects used diRerent nwlhod> :inti some- 

what diKerent ranges of dot numbcr~. but the w- 

lations found are very similx. 
We cannot find an! t’;tsb ssplat~:~t~on for the ~upo- 

nent of about 0.7 in this rrlation\hip. SIWC the SWI- 

ancr of the number of dots in each small :lrw is Pok- 

son distributed and therefore pruportiwal to dot dcn- 

sit!. it would be r&tivcII; easy to explain an csponent 

of0.5: indeed such a relationship could be explained 

in a number of \ra!‘s. There arc also some grounds for 

c\pcctmg an espanent of unit?. since this is the prt’- 

diction of Wcher’s Lau. ,411 that can be sued is that 

the cmpirktl value lies between these “explainable” 

WI LIC‘S. 

This variation of observer variance \\ith dot number 

might be related to the associated change in the avw 

age separation of dots. or number of dots per unit 

;trca. The cupermxnt of Fig. 6 shot\< the etkct of 

bar)ing the overall size of the displax on A.\:r ivith 

zero added variance. When each hemkisld subtended 

about I,,4 x I ‘S deg A:VT (0) was slighrll elevated. but 

above this it was unafftcted b) a 16 fold change of 

linear dimensions. Dot density. thersfore. does not 

srem to be an important variable. 

Subjectivsl~. the dtfiicuit> in estimating which of 

two hsmifieids has more dots appears to bc related to 

the unevenness of the random distributions. .An 

example in which the distribution is. b>- chance. rather 

even. sctlms easier to judge than one in Lvhich thcrr 

are accidental clusters. A program \vas therefore N rit- 

ten in \r-hich the display area was divided into ;I regu- 

tar array of neari! square cells rqual in number to the 

number of dots to be displayed. Each dot xxs then 

placed at a random position Lvithtn such cell. Ths 
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Fig. 6. The effects of reducing the size of the display and 
thereby increasing the average density of dots. There were 
‘5 dots per hrmitield. Clearly rizc and dsnsiLy hn\s little 
ef&zct until the hemifislds ;Irt’ r&cod to about I 2 x I./a’. 

patterns appeared less irregular than for the non-cel- 
lular patterns. but it was not obvious how thel; had 
been made more regular. Figure 7 shows the &ect on 
A:v,.(Oi for various dot numbers. As expected. 
A!V,fOf is reduced compared with the totall> random 
displays. The change in exponent (slope on this logi 
log plot) may not be significant. 

It is possible that thcrc arc culls in the visual system 
that respond to the total luminous tlux emanating 

from the dots in one hemifield. and that the esti- 

mation of dot number is based on the responses of 

Fig. 7. The dots were arranged more regularly by dividing 
each hemitield into a grid with the required number of 
rectangles. and putting each dot at ;L random position in 

its rectangle. The dependace ol A.VT on A’ is moved 
downwards compared with the previous results with com- 
pletely random positioning; the dotted line is the fit to 

A.B.‘s results in Fig. 5. 

such cells. If this was the case the accurac! of esti- 
mation would be seriously perturbed b> brightening 
randomly selected dots in each hemifield. u’e have not 
done exhaustive trials of this type. but the follo\ving 

example suggests that it is possible to disregard sari- 
ations of luminance in a display of dots and judge 
their number independent of these variations. 

The background number of dots was 25. and this 

was incremented by 3 to 7 dots on one side or the 
other in order to estimate A.VT.(0) in the usual way. 
Of the dots in each hemificld IZ were enhanced by 
over-writing them 4 times. The value of A.YT(0) was 
3.89 4 0.26, which should be compared with a value 
of 3.83 _C 0.27 when all the dots were at a single inten- 
sity level. Apparently the number of dots was judged 
equally welt when some were dim and some 5 times 
more intense as when they were all at the same lumin- 
ance. The number of enhanced dots was then made 
variable, a mean of 12 i: 4(SD) in each hemifield 

being enhanced, the number being independently 
selected for each hemifieid. The value of AN, (0) 
obtained was 4.20 + 0.18, which is not ;I signiticant 
difference. If the judgement had been based on lumin- 

ance, the independent enhancement of t 2 2 4 dots in 
each field woutd have introduced an easii! detectable 

elevation of ANT (0). 

In the experiments described so far the dots have 

been displayed in two rectangles separated by :I small 

space and a dividing line. The subject’s task of decid- 
ing whether a particular dot should be included in the 

left side or the right side was thus made very easy. 
The question arises whether a subject can arbitrarily 
delimit an area within a display and decide if there is 
an excess of dots within that area. or whether he is 
unable to do so and will thus s~tffer a loss of perform- 
ance caused by an error in matching the counting 
area to the target area. Such a loss of performance 
would cause a change of slope when AiV$ is plotted 
against a,$ and would thus change F,Y, rather than 
observer variance. &. It was previously suggested 
that such matching errors lay behind the figure of 
approximately 50% efficiency that was found for a 
variety of tasks (Barlow, 1978). 

This turns out to be a difficult hypothesis to test, 

and since our results are inconclusive they will be 
described only briefly. The target area can form only 
a small fraction of the total area, and therefore can 
contain only a small fraction of the total number of 
dots. Since we cannot handle conveniently more than 
about XN3-400 dots the average number in the target 
area was limited, and in the two tests described below 
it was 25 and 6.25. In order to determine the effect of 
changing the experimental variance one must be able 
to change it by a large factor, but one cannot impose 
a greater standard deviation on the population than 
?+‘/3, using our normal distribution truncated at +Z 
standard deviations, for even this will occasionally 
cause displays of zero dots. Since the normal standard 



In the tirst attempt to overcome thlj dltficult> ue 

J~\~ded the dlspla> area Into 12 cells oi equal arsLt. 

s:~ch conramlne an average ol’ 25 dots. Thcz standard 

J;‘~~.~rion of the number \\ithin each cell could be 

xr.lnged to \a-! from 0 to =S. Then an incrrment 

\\ai aJdsd to the central qu;lre of either the left or 

the right hemifield and the subject had to decide 

ibhich. The results for the two subjects lvere concor- 

dwt. aid the best fitting line through the results had 

;I slope of 0.92 + 0.15 (90”,, confidence limitsl. There 

~r,a thus no e\ldence at all for any matching error 

,xe Figs 2 and 4). The intercept at zero added vari- 

.~nce yang ;I value of A.Y,- (01 = 4.7. which 1s onl, 

sllghtl! hisher than the elpectcd value of 4.0 with 25 

dot, 

One ditiicultk i\ith this experiment was that the 

ct‘llul;u design became apparent I\ hen the imposed 

\;uwncr t\,;\s high. for neighbouring cells had wIdeI> 

dill&nt dot numbers and their borders thercfow 

baxmc ,Ipp;trent: this in turn might be uwd as ;I cut 

to the target xw. thus cnci~mgering the cupcrlmcnt 

Our 5ccond attsmpt to incrciisc the range of stan- 

dard de\ iations in the target ;ircx iiscd ;I tcchniquc for 

po\ltii)nlng the b:lckground dots in clu\tcr-s. rather 

than c:~ch dot hcing positioncti inticpcndcntl>. This 

onlk ,~ch~c\ed slightlv more than ;L twofold incrwsc in 

stand,lrd deviation. and again thcrc W;IS no cvidcnce 

of dcpxi-Itire from 2 slope of ~inity. but A:\, (0) ~$25 

;lightl: “rc;itcr than expected fr-om the .ivcrapc : 
number of dots In the target arex 

Our conclusion from that. c’ipcrlmcnts IZ that 

iiiorc po\\crful tr‘chniquss arc required to tat LLhcthcr 

a 103) of performance results frorn mismatch bctwxn 

rargct ;trca and counting arex Since obserwr wri;mcc 

b> itxli accounts for loss etticienq under the present 

conditions. the reasons for postulating a matching 

err-or under similar conditions (Barlo\+. 197s) h<l\c: 

~.IIII~I~CJ. HoLs\rcer one obvious11 C;~nnot conclude 

that m‘ltching i’rrors never occur under any con- 

clltiorl5. 

Performance at detecting symmetry in random dot 

arrays can be tery subjtanti:llly improved by mter- 

posiny ~1 dltfilsing screen between the pattern and the 

C)LI (Barlou. 1979). The blurred pattern lacks hiyh 

spatial irrquencies. and for reasons that are unknown 

this improves performance. as it does in Other CXXS 

(Harmon and Julesz. 1973). We therefore tried the 

ctl’ect of blurring on the discrimination of dot number. 

nlth the raults shobvn in Fig. S. Under these con- 

ditions blurring has no beneficial etTect. but is cleleter- 

lous N hen carried to extremes. 

The masurement of A.l’T(0) for .\’ = 3 U;LS 

repeated Gthout a diKusing screen. ivith an increased 

separation of the hemitirlds. and without the LISLI;II 

di\idlng line. To our surprise there was ;I substantial 

Ftg. Y. The cH’ect of blurrlns dot plttsrnj. The subject 

\x\ved the dots through ;I dltfusing scrssn placed at 
various dlstancrs from the oscilloscope screen. The amount 
of blurring is e\-pressed as the iull-Hidth xt half-hsight of .I 
IIW on the oscilloscope face seen by the subject through 

the screen. Xo significant impro\sment results. but r\en 

\er! severe blurring does little to impair performance 

dccrwsc of A.\, (0). from 3.S to 7.5. This suggests that 

the dividing line and close prouimit) oi the two hemi- 

fields \vcre in some WI) interfering with the numero- 

jlty discriminations. 

Figure S sho~vs that observer \;Lri;ln<e Jecrcascs as 

the number of dots being estimated dccreascs. C‘lcarl). 

as the error bccorncs small compared iiith unity it 

should only riircl) Id to ;I!, Incorrect jtidymCrit: is 

this u tut is happcnin, ~7 uhcn thi: number lies in the 

range I-7 and is frtqtirntlq Judged correctly. Uithout 

error, in ;i nlnglc glance? 

Calculations based on the best fitting regression 

lines of Fig. 5 do not support this notion. If 6;) = i 

one might expect the estimated nurnbcr to be closer 

to the real number than an! others on hS..3”,, of oc- 

asions. and ektrapolatin, (I the relation of Fig. 5 sup- 

gcsts that this should not happcn until the number 

lies bct\\een I and 1: Jct.0n.b data shoi\s that ant gets 

?O”,, correct even with 6 or 7. 

The results of Fig. 9 help to rcsul\e this problem. 

The cross-hatched rcct;lnglr> arc the result of ;I t\vo- 

point cspzrimznt in which the subject had to Judge 

from \ihich of t\\o popul.ttions (\\irh 0, = 0) :I 

sample pattern presented ior 700 mxc had bea 

dra\rn. The edges of each recta@ represent the 

lower and higher numbers. and top and bottom rep- 

went the mean value of log I.Vr (01 obtained. z I 
SE The stippled rxtangles represent the pwious 

mcusurrments at higher dot numbers on this subject 

(see Fig. 5) using a self-pacsd viaving time. Duration 

of vleuing appears to make little difference. but it ii 

cleCir that the relatlon between log A.\-,101 and log .I- 

becomes steeper when .L’ drops belon- about 20 The 

absence of errors. greater subjectiw confidencs. ant! 

shorter reaction times led Kaufman PI (ii. (1949) to 

suggest that a different mrch,lnism called .‘subitiring” 

is involved with numbers below 7. 2nd the stwpcr 
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slope may reinforce this. However the interpretation 

of this result is made difficult by the fact that we do 
not ha\s any theoretical explanation of the depen- 

dence of IL’, (0) on .v. 

DISCCSSION 

Considering the obvious complexity of the percep- 
tual mechanisms called into action when inspecting a 

field of random dots. there are two surprising aspects 
of our results. The first is that a single postulated 
quantity. observer variance. accounts for the errors 

made. and the second is that. when this is taken into 
account. the subjects appear to make full and efficient 
use of all the information available in the display. The 

validity and generality of these conclusions need to be 
checked by experiments of the type reported by van 
Meeteren and Barlow (19SO) in which the same set of 
patterns is presented several times and the lack of 
consistency of the responses examined: at this point 
the two methods of estimating observer noise seem to 

be in approximate agreement. 
It will also come as a surprise to some that the 

two-point method. with its requirement for holding a 

steady criterion, gives as high performance as the two- 
alternative forced-choice method. where the simui- 
tansous comparison of two fields is intended to make 
the task easier. In the two-point method good per- 
formance is even maintained when there is no com- 
parison field at all and a steady criterion has to be 
maintained for the duration of the run. 

It does not seem profitable to speculate about the 
dctaiis of the mechanism for judging dot number. but 

it is safe to say that these judgements must be based 
on the number of impulses fired by a neurone or 
groups of neurones. or upon some other measure of 

the pattern of firing rates among a group of neurones. 
Observer variance then corresponds to the variability 

of this measure. converted back into dot-number 
according to the rules that relate the measure to the 
number of dots in the field. In terms of this sketchy 
model our results tell us. first that this variability is 

the main factor limiting performance, and they also 
show how variability increases with the number of 

dots (Figs 5 and 9). how it is decreased by arranging 
them more regularly (Fig. 7), and how it is little affec- 
ted by changing the scale (Fig. 6) or by blurring 
(Fig S). 

We cannot explain why observer variance changes 
with dot number. The steepening of this relationship 
belou; 20 dots could be taken as evidence for a differ- 

ent mechanism (“subitizing”) coming into operation 
and decreasing observer variance in this range, and 
this does receive support from the different subjective 
experience: one says to oneself “there were 4, or 6, or 
9 dots in that field”. as opposed to “more, or less, 
than usual”. l3ut since our model does not explain the 
effect of dot number on observer variance it may be 
preferable simply to accept the empirical relationship 
shown in Fig. 9. Subitizing, on this view, would be the 

operation of the dot-number estimating mechanism in 
the range where it gives an unambiguous answer. 

Other characteristics of subitizing. such as greater 
subjective certainty and shorter latency, might be 
secondary results of this absence of ambiguity. 

In previous papers (Barlow, 1978. 1980; Van Mee- 

teren and Barloui. 19SO) performance at detecting pat- 
terns in random dots has been expressed in terms of 
efficiency, that is the proportion of the statistical 
sample of information that the subject appears to 
make use of. In none of those cases were efficiencies 

above 507; found, and it seemed that there might be 
some natural limit to the capability of the human 
system at that figure. In all those cases the arrange- 
ments of the dots followed Poisson statistics, so that 
the variance of the number of dots in any region of 
the target was equal to the mean number. In the 
present series this has not been the case and the 
effects of changing the variance to figures above or 
below the mean have been explored. The results sug- 

gest that efficiency loss is due to intrinsic noise rather 
than failure to use the full sample of information; thus 
the apparent limit at 50% efficiency is readily broken 
if the variance is increased above the mean. 

Another way of expressing these results would be to 
say that the intrinsic variance of the observer is about 
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Fig. 9. Threshold increment with small numbers of dots. 
The cross-hatched rectangles show AfVr calculated from 
the discriminability of displays containing numbers of dots 
given by the two edges: top and bottom of the rectangles 
show +_ t SE. The stippled rectangles are a replot of the 
results with higher dot-numbers in Fig. 5. The comparison 
field containing an unvarying number of dots (see Table 
I) was omitted for the new results with small numbers, and 
an exposure duration of BOrnsee was used instead of an 
unlimited viewing time that was usually about 1 sec. The 
dashed extrapolation of the line fitted to the stippled rec- 
tangles lies well above the new points for numbers below 
IO. possibly because a new mechanism (“subitizing”) is 
used in this range. Note that viewing time makes little 

difference to performance with 20 to 50 dots. 



;IIICT becomes dominant. Perhaps the pressure of 

natural selection has Iocvered intrinsic observer sari- 

xux to the point whers thr mechanism dsafs ad- 

equateI> with the estimation of the number ot‘ truly 

randomly disposed obiectj. but has not lo~vcrrd it 
bqond this point. If reducmg intriwic \ariancc is 

costi! in terms of added nw+e crlis or increasing their 

size or separation. then reducing it to the point where 

it is about equal to .Y would bc an economic strateg\ 

in 21 rvorld dominated by Poisson statistics. 

Our experiments are consistent with the vic’w that 

the observer can corrsctl) match his inspection wea 

ibith the signal arca e\rn though it is not delimited. 

but as explained alread> this should be regarded as a 

technical failure. not 35 proot’ that there is ITO rwtch- 

ing c‘rror. There must be condittons under which th? 

mccbanism loses stticiency because of such ;I mis- 

m;,tch. and subsequent experiments havr confrmed 

this (Burgess it al.. 19% : W:ltson t’f ni.. ii)S3). 


